5
APRI-TH-PHY-2004-03


引力探查-B 使用的 de Sitter 进动公式
与
广义相对论的物理規范问题
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2004 年四月
撮要
依照爱因斯坦，一个規范是与时间扩張和空间收缩有关，因而如此一个物理地可实现的規范，应该对一个给定的参考構架是独特的。然而，一个未被查证流行的信念是 de Sitter 进动的公式是独立于規范是谐和或 Schwarzschild。 通过明確的计算，本文显示這两个規范导致不同的公式那是原则上可实验地区别的。因此，广义相对论再一次被证明不是規范不变。然而，现在的技术能准确地测量的只是 de Sitter 进动的累积效果。因此，对引力探查–B 而言，区别这两个公式会是非常困难的。粗糙估计演示，他们或许会给出基本上相同的时间- 平均效果。然而，為了更可靠的分析，推荐计算机的模拟。而且，这两个度規是可藉着其他的实验清楚地区别的。如周(Zhou)所猜测和后来鲁(Lo) 所显示,地方性光速度的实验会揚棄 Schwarzschild 解。
04.20.-q,04.20.Cv

关鍵詞: 爱因斯坦的等效原理，de Sitter 进动，参考構架，Schwarzschild 解，调和規范。
1. 导言

引力探查-B 实驗[1],用一些最精确地建造的仪器所装備，在超过七亿元的费用和44年之后，於2004年四月17日开始进入太空。决定了的目标是要测试广义相对论。更精确地說,它测试由地球引力产生的迴旋进动。然而，进动问题不可避免地会导致有效的物理規范的疑问(也看第3节)。本文将会显示一个物理地可实現的規范的问题仍然未解决，虽然相关的公式原则上要求解决該问题。 

爱因斯坦 [2,3] 指出空间收缩的效果是可测量的，而且这必然地意味着物理的規范对一个参考構架是独特的[4,5]。然而, 另一方面, 爱因斯坦 [3] 宣称对相同的参考構架有两不同的时空度規解，举例来说爱因斯坦認为 Schwarzschild 解和各向同性解是物理地相等。
基于事实上 Schwarzschild 解和各向同性解産生同樣的光线偏移 [2,3], 爱因斯坦 [3] 評论,"应该注意到这一个结果，同樣这理论是不受对一个坐标的系统被我们的任意选择所影响"。本文将会显示这两个度規，对同一进动，生产两个清楚地不同的公式。因此, 再一次证明 [6] 爱因斯坦的观念，規范不变性是不成立的。不幸地, 從众度規中来区别一个物理正确的度規，仍然是超过引力探查- B 的当前准确性。不过，地方性的光速度的实验会直接地查证马克士威-牛顿近似法[5]。
2. 时空度規
在广义相对论中,一个当前的问题是对一个参考構架有多过一个的度規解，举例来说，对一个静态的球分佈有質源所产生的引力，众所周知的度規解是 Schwarzschild 解，各向同性解，和谐和解 [7]。较后两者有一样的第一階近似值(也就是,马克士威- 牛顿近似值 [8]), 那是与 Schwarzschild 解的第一階清楚地不同的。既然在引力所致的进动公式以第一階近似值为基础，原则上引力探查- B 的实验不能够区别谐和解和各向性解 [9]。这裡将显示马克士威- 牛顿近似值和 Schwarzschild 解的第一階近似值会为引力所致的 de Sitter 进动给出清楚地不同的公式。
对一个有質源 T(m)((，马克士威- 牛顿近似法的方程式是[8],



( c(c

(( = - 8(( T(m) (( ,

where


(( = ((( - 

(((((cd(cd) 

(1)

式中 ((( = g(( - ((( 是对平坦度規(((的偏离，而 ( = G/c2 (G = 6.67 ( 10-11 m3kg-1s-2) 是偶合常数。. 

注意马克士威- 牛顿近似法是直接地得自爱因斯坦的等效原理[10]，与来自经过线性化被获得的线性方程不同。应该注意到马克士威- 牛顿近似法 (1) 的源項一定是有质量物体的能量动量張量[8]. 

对于一球形分佈的質量，且具有在z-方向稳定均匀旋转，度規的解是如下[9]:
ds2 ( (1 – 2M(/r)dt2 – (1 + 2M(/r)(dx2 + dy2 + dz2)
+ 4( (Az/r3)(xdy – ydx)dt


(2)

式中 M 是总質量，Az 是与z-轴重合的旋轉角动量，r2 = x2 + y2 + z2. 对一旋转中的質量， Schwarzschild解被扩充为如下 Kerr 度規解[11] :


ds2.= gtt dt2 + grrdr2 + g(( d(2 + 2g(t dtd( + g((d(2 




(3)

式中

gtt = (( ( a2sin2((((
(0 < g tt ( 1),

grr = ((((,
g(( = ( (
g t( = a sin2(( r2 + a2 ( ((((,

和
g (( = ( (( r2 + a2 (2 ( (a2sin2 ((sin2(((
式中
( = r2 + a2 cos2(,
( = r2 + a2 ( 2Cr,
C = ( M,
和
Az = aM.

对一階近似，如果 a2/r2 是比1小得多，Kerr 度規被简化为 [9]

ds2 ( (1 – 2M(/r)dt2 – (1 + 2M(/r) d(2 – (2d(2 – (2 sin2(d(2 - 4( (Az/r3)(xdy – ydx)dt

(4)

注意最后一项那是对应着旋轉，而且在度規 (2) 和 (4) 是一樣的。随着如在参考[9]中所显示，来自这两个度規的 Lense-Thirring 进动基本上是相同的。

3. 两个不同的 de Sitter 进动公式
然而，在这两个度規中因为空间的元素是不同的,de Sitter 进动公式就会是不同的。在广义相对论中, 旋转 S( 的平移方程包括 Christoffel 符号,
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(5)
当回旋装置沿着一些自由落体轨道移动时，这一个方程能计算回旋装置的旋转如何变换方向[9]。 从马克士威- 牛顿近似法，可获得下列 de Sitter 进动公式(請看附录):
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(6)
式中 ( ( - (M/r,"牛顿的位势",v 是回旋装置的速度，而 S 是自旋。然而，从 Schwarzschild 解，de Sitter 进动將会是下列一个不同的公式(請看附录): 
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(7)
式中
[image: image5.wmf]r
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是 r-方向的单位矢量。 
对于一个圆形的轨道,引力探查-B 的实验情形，我们有
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(6’)
而且
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(7’)
也就是, 公式 (6) 和 (7)分别地被簡化为公式 (6') 和 (7')。 然而，他们仍然是不同的。举例来说，如果 S 是对 v 垂直，则公式 (7') 右手边是零，但是公式 (6') 的右手边是 v(S(((), 一个可能非零的量。 因此，原则上，他们是实验地是可区别的。 
. 
在现在的教科书中, 举例来说如在 Ohanian& Ruffini [9]中,公式 (6')是被直接地推导。然而因为他们不正确地相信 公式 (6') 与标准度量的选择无关，所以沒有推导公式(7')。现在，如此一个未被查证的信念被直接的计算证明是不正确的。

然而，因为进动的效果非常小,目前，只能测量被累积的效果。然后，这两个公式或许很困难在实際中可区别，由於 (v(S((() 和 –(v(S)(( 在一圆形周期的时间平均值会是相同的。为了解这一个问题, 让我们考虑
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然后
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(10)
那樣，由於自旋转 S( 在一个周期中变化非常小，一圆形周期的时间平均值会实际地是零。因此，引力探查- B 实验不能够区别 Schwarzschild 度規和从马克士威- 牛顿近似法获得的度規。然而,应该被注意到, 上述的討论並不很可靠因为 S( 始终在变化。为了要有一项更可靠的分析, 推荐一个计算机模拟。而且, 区别各向同性解和 Schwarzschild 解的工作可藉由测量地方性的光速度来完成的 [4,5]。

4. 评论
来自马克士威- 牛顿近似法的度規(2)和克尔（Kerr）度規(4)的第一階有不同的第一階項,但他们具有相同的参考的構架。因为类欧几里得几何的结构已经清楚地表达空间坐标的实际意义, 最多只有一个度規能给予现实的空间收缩 [5]。对这点，可测量地方性的光速度耒决定那一度規的是更现实的。既然地球的旋转非常小，可忽略与旋转有关的项 [5]。 举例来说，对 Schwarzschild 解，地方性的垂直和水平线光的速度分别地会是,
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另一方面, 从马克士威- 牛顿近似法所得的度規(2)会对所有的方向给出同一个光速度,
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(12)

因此，被现代的技术 [5,12] 所允许的测定不同高度的水平的光速度, 会决定 Schwarzschild 解是否有效。从这两个度規，光的垂直速度是相同的。而且，它的 r- 依赖的因素是可测量的，因为耒自重力的压缩及或伸展在不同的高度的差異是一个较高階项。 这一个 r- 依赖与那从水平的光速度获得的相较將会是有用的。

既然这实验的费用会比一百万美元更少，对广义相对论的发展，它是非常节俭地有价值的实验。 
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附录: 不同 de Sitter 进动公式们
因为空间度規元素在各向同性度規的和 Schwarzschild 度規是在第一階中不同，de Sitter 进动公式应该对这二个度規是不同的。然而，许多理论家仍然相信广义相对论是規范不变的。通过直接的计算，它将会简單地被显示，这是不真实的。 
在广义相对论中,自旋转 S( 平移的方程包括 Christoffel 符号,
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式中
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然后，当一个回旋装置沿着一些自由落体轨道移动的时候, 可计算它的旋转方向的变化 [9]。

因为度規是静态，而且时间- 轴都对一个空间轴是直角, 非零的 (x, (( 是:
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(A1)

对第一階近似的各向同性解，我们有一正交的度規那具有
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(A2)

如此
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(A3)

而且, 由于在靜止構架 S’t = 0 而且 dx’(/d( = (1, 0, 0, 0),我们有g’((S’(dx’(/d( = 0。它跟随
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(A4)
最后，从马克士威- 牛顿近似法，可获得下列 de Sitter 进动公式:
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(6)

式中 ( ( - (M/r,"牛顿的位势",v 是回旋装置的速度，而 S 是自旋转。
然而，从 Schwarzschild 解，空间的度規元素是: 
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(A5)

然后,我们获得,
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(A6)
因此，从 Schwarzschild 解， de Sitter 进动会有如下一个不同的公式: 
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(7)
式中
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是r-方向的单位矢量。
公式 (7') 的时间平均是
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(A7)
因此,平均说来 , S 绕着轨道轴的进动角速度是 [9]
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(A8)
然而，在公式 (6')与 (7') 之间的不同被平均掉。应该注意到，虽然 Schwarzschild 解和马克士威- 牛顿近似法给出相同的时间- 平均进动，没有证明其他的 微分同構（diffeomorphic）度規会给出相同的平均值。 因此，宣称 (A8) 是爱因斯坦的理论的一个预言是有问题的。

在广义相对论中, 进动的问题实际上比较决定在 "测试粒子" 理论的计算中的正确的度規更加深入。事实上，虽然马克士威- 牛顿近似法有“二体的问题“ 的动态解，正如 Gullstrand [14，15] 所猜想，爱因斯坦的 1915 方程卻沒有动态的解 [8, 13]。 
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Abstract

According to Einstein, a gauge is related to the time dilation and the space contractions, and thus a physically realizable gauge should be unique for a given frame of reference. However, a current unverified belief is that the formula for the de Sitter precession is independent of whether the gauge is harmonic or Schwarzschild. It is shown though explicit calculations that these two gauges lead to different formulas that are, in principle, experimentally distinguishable. Thus, once again general relativity is proven not gauge invariant. However, the present technology can measure accurately only an accumulated effect of the de Sitter precession. Thus, it would be very difficult for gravity Probe-B to distinguish these two formulas since a rough estimation shows that they would probably give essentially the same time-average effects. However, to have a reliable analysis, a computer simulation is recommended. Moreover, these two metrics are clearly distinguishable by other experiments. As conjectured by Zhou and later shown by Lo, an experiment on local light speeds would reject the Schwarzschild solution.
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1. Introduction
Gravity Probe B [1], which is armed with some of the most precise instruments ever built, is finally ready for launch on April 17, 2004 after more than 44 years to build at the cost of $700 million. The stated goal is to test general relativity. To be more precise, it tests the precessions due to gravity of the globe. However, the problem of precession inevitably would lead to the question of what is the valid physical gauge (see also section 3). In this paper, it will be shown that this problem of a physically realizable gauge remains experimentally unsolved although the related formulas, in principle, demand otherwise. 

Einstein [2, 3] pointed out that the effects of space contraction are measurable, and this necessarily means that the physical gauge is unique for a frame of reference [4, 5]. On the other hand, Einstein [3] claimed that two different solutions of the space-time metric for the same frame of reference, for instance Einstein considered that the Schwarzschild solution and the isotropic solution are physically equivalent. Based on the fact that both the Schwarzschild solution and the isotropic solution produced the same deflection of a light ray [2, 3], Einstein [3] remarked, “It should be noted that this result, also, of the theory is not influenced by our arbitrary choice of a system of coordinates.”  In this paper, it will be shown that these two metrics produce two distinct formulas for a precession. Thus, once again [6] Einstein’s notion of gauge invariance is proven invalid. Unfortunately, it is still beyond the present accuracy of Gravity Probe-B to distinguish the physically correct one from the other metrics. Nevertheless, an experiment on local light speeds would show directly that the Maxwell-Newton Approximation would be verified [5].

2. The Space-time Metrics.

In general relativity, a current problem is that there are more than one metric solution for a frame of reference. For instance, for the gravity of a massive source of spherical static distribution, the well-known metric solutions are the Schwarzschild solution, the isotropic solution and the harmonic solution [7]. The latter two have the same first order (i.e., the Maxwell-Newton Approximation [8]), which is distinct from the first order of the Schwarzschild metric. Since the formula for precession under gravity is based on the first order approximation, the experiment of Gravity Probe-B cannot, in principle, distinguish the isotropic solution from the harmonic solution [9]. It will be shown that the Maxwell-Newton Approximation and the first order approximation of the Schwarzschild solution would give distinct formulas for the de Sitter precession under gravity.

The equation for the Maxwell-Newton Approximation [8] for a massive source T(m)(( is,



( c(c

(( = - 8(( T(m) (( ,

where


(( = ((( - 

(((((cd(cd) 

(1)

and ((( = g(( - ((( is the deviation from the flat metric (((, and ( = G/c2 (G = 6.67 ( 10-11 m3kg-1s-2) is the coupling constant. 

Note that the Maxwell-Newton Approximation, which is obtained directly [10] from Einstein’s equivalence principle, is different from the linear field equation obtained through linearization. It should be noted that the source term in the Maxwell-Newton Approximation (1) must be an energy-Stress tensor of massive matter [8]. 

For a spherical mass distribution with a steady uniform rotation in the z-direction, the metric solution is the following [9]:

ds2 ( (1 – 2M(/r)dt2 – (1 + 2M(/r)(dx2 + dy2 + dz2)
+ 4( (Az/r3)(xdy – ydx)dt


(2)

where M is the total mass, Az is the spin angular momentum coincides with the z-axis, and  r2 = x2 + y2 + z2. For a rotating mass, the Schwarzschild solution is extended to the Kerr metric [11] as follows:


ds2.= gtt dt2 + grrdr2 + g(( d(2 + 2g(t dtd( + g((d(2 




(3)

where

gtt = (( ( a2sin2((((
(0 < g tt ( 1),

grr = ((((,
g(( = ( (
g t( = a sin2(( r2 + a2 ( ((((,

and
g (( = ( (( r2 + a2 (2 ( (a2sin2 ((sin2(((
where

( = r2 + a2 cos2(,
( = r2 + a2 ( 2Cr,
C = ( M,
and
Az = aM.

For the first order approximation, if a2/r2 is much smaller than 1, the Kerr metric is reduced to [9]

ds2 ( (1 – 2M(/r)dt2 – (1 + 2M(/r) d(2 – (2d(2 – (2 sin2(d(2 - 4( (Az/r3)(xdy – ydx)dt

(4)

Note that the last terms, which correspond to the rotation, in metrics (2) and (4) are identical. It thus follows as shown in [9] that the Lense-Thirring precessions from these two metrics are essentially the same. 

3. Two distinct Formulas for the de Sitter Precession

However, since the space metric elements are different in these two metrics, the formulas for the de Sitter precession would be different. In general relativity, the equation for the parallel transport of the spin S( involves the Christoffel symbols,
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(5)

From this equation, one can calculate how the spin of a gyroscope change direction while the gyroscope moves along some free fall trajectory [9]. From the Maxwell-Newton Approximation, one obtains the de Sitter precession formula as follows:


[image: image46.wmf])

(

)

(

)

(

2

F

Ñ

·

+

F

Ñ

·

+

F

Ñ

·

-

=

r

r

r

v

r

r

r

r

r

r

v

S

S

v

S

v

d

S

d

t



 EMBED Equation.3  [image: image47.wmf])

(

)

(

F

Ñ

´

´

+

F

Ñ

´

´

=

r

r

r

r

v

r

v

S

S

v




(6)

where ( ( - (M/r, the “Newtonian potential”, v is the velocity of the gyroscope, and S is the spin (see Appendix). However, from the Schwarzschild solution, the de Sitter precession would have a different formula (see Appendix) as follows: 
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(7)

where 
[image: image49.wmf]r

)

is the unit vector in the r-direction. 

For a circular orbit, the situation in Gravity Probe-B, we have 
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and
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that is, formula (6) and (7) are reduced to (6’) and (7’) respectively. Nevertheless, they are still different. For instance, if S is perpendicular to v, the right hand-side formula (7’) is zero, but the right hand-side of formula (6’) is v(S(((), a possibly non-zero quantity. Thus, in principle, they are distinguishable experimentally. 

In current textbooks, for example such as the one by Ohanian & Ruffini [9], formula (6’) is derived directly. However, formula (7’) was not derived because they incorrectly believe that formula (6’) is independent of the choice of a gauge. Now, such an unverified belief is proven incorrect by explicit calculations.

However, since the effect of precession is very small, at present, one can measure only the accumulated effects. Then, these two formulas are probably difficult to distinguishable in practice since the time average of v(S((() and –(v(S)(( over a period of circular time would be the same. To see this problem, let us take 
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Then
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of which the average over a period of circular time would practically be zero since the spin S( changes very little over a period. Thus, the experiment Gravity Probe-B seems not be able to distinguish the Schwarzschild metric from the metric obtained from the Maxwell-Newton Approximation. It should be noted, however, that the above argument is not very reliable since S( changes all the time. To have a reliable analysis, a computer simulation is recommended. Moreover, the task of distinguishing the Schwarzschild solution from an isotropic one can be accomplished by measuring simply the local light speeds [4, 5].

4. Remarks

The metric (2) from the Maxwell-Newton Approximation and the first order of the Kerr metric (4) are different in the first order, but they share the same frame of reference. Since the Euclidean-like structure has made clear the physical meaning of the space coordinates, at most only one metric gives a realistic space contraction [5]. To this end, one can measure local light speeds to decide which metric is more realistic. Since the rotation of the globe is very small, one can neglect the terms related to rotation [5]. For instance, for the Schwarzschild solution, the local vertical and horizontal light speeds would be, respectively,
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On the other hand, metric (2) from the Maxwell-Newton Approximation would give a light speed for all directions to be,
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Thus, measuring the light horizontal speeds of different heights that is allowed by modern technology [5, 12], would determine whether the Schwarzschild solution is valid. The light vertical speeds are the same from these two metrics. Nevertheless, its r-dependent factor could be measured since the differences due to gravitational compression and/or stretch at different heights are of a higher order. This r-dependence would be useful to compare with that obtained from horizontal light speeds.

Since the cost of this experiment would be less than one million US dollars, it is a very economically worthy experiment that is desirable for the developments of general relativity. 
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Appendix: Distinct Formulas for the de Sitter Precession 

Since the space metric elements in the isotropic metric and the Schwarzschild metric are different in the first order, the precession formulas should be different for these two metrics. However, many theorists still believe that general relativity is gauge invariant. It will be shown through explicit calculations that this is simply not true. 

In general relativity, the equation for the parallel transport of the spin S( involves the Christoffel symbols,
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where
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Then, one can calculate the change of spin direction of a gyroscope while it moves along some free fall trajectory [9]. 

Since both metrics are static and the time-axis is orthogonal to a space axis, the non-zero (x, (( are:
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For the isotropic solution, for the first order, we have an orthogonal metric with
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Thus
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Moreover, since in the rest frame S’t = 0 and dx’(/d( = (1, 0, 0, 0), we have g’((S’(dx’(/d( = 0. It follows that
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Finally, from the Maxwell-Newton Approximation, one obtains the de Sitter precession formula as follows:
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where ( ( - (M/r, the “Newtonian potential”, v is the velocity of the gyroscope, and S is the spin.

However, from the Schwarzschild solution, the metric elements of space are: 
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Then, we obtain,
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Thus, from the Schwarzschild solution, the de Sitter precession would have a different formula as follows: 
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(7)

where 
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is the unit vector in the r-direction.
The time-average of formula (7’) is
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(A7)

Thus, on the average, S precesses about the axis of the obit with an angular velocity [9]
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However, the differences between formulas (6’) and (7’) are averaged out. It should be noted that although the Schwarzschild solution and the Maxwell-Newton Approximation give the same time-average precession, there is no proof that other diffeomorphic metrics would give the same average. Thus, it is invalid to claim (A8) as a prediction of Einstein’s theory.

In general relativity, the problem of precession actually goes much deeper than determining the correct gauge in the calculation of a “test particle” theory. In fact, although the Maxwell-Newton Approximation has dynamic solutions for a two-body problem, the Einstein equation of 1915 does not has a dynamic solution [8, 13] as Gullstrand [14, 15] suspected. 
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